Introduction
The algebra of truth values for fuzzy sets of type-2 consists of all mappings from the unit interval into itself, with operations certain convolutions of these mappings with respect to pointwise max and min. This algebra has been studied extensively as indicated in the references below. The basic theory depends on the fact that [0; 1] is a complete chain, so lends itself to various generalizations and consideration of special cases. This paper develops the theory where each copy of the unit interval is replaced by a …nite chain. Most of the theory goes through, but there are several special circumstances of interest.
The Algebra M(m n )
For a positive integer n, let n be the set f1; 2; : : : ; ng. This set has its usual linear order which we denote by , max and min operations denoted _ and^, negation given by :k = n k + 1, and the obvious constants 1 and n. With these operations, n becomes a De Morgan algebra, in fact a Kleene algebra since it also satis…es a^:a b _ :b. We denote by m n the set ff : n ! mg of all mappings from the set n into the set m. The algebra M(m n ) consists of the set m n with operations given in the following de…nition.
Thus we have the algebra M(m n ) = (m n ; t; u; :; 0; 1)
There are two other operations on the functions in m n , namely pointwise max and min. We also denote these by _ and^, respectively. Just as in the case M([0; 1]
[0;1] ), these operations help in determining the properties of the algebra M(m n ) via the auxiliary operations f
The operations t and u in M(m n ) can be expressed in terms of the pointwise max and min of functions in two di¤erent ways, as follows.
Theorem 2
The following hold for all f; g 2 M(m n ).
R^gR Using these auxiliary operations, it is fairly routine to verify the following properties of the algebra M(m n ). The details of the proofs are almost exactly the same as for the algebra M([0; 1]
[0;1] ), which are given for example in [9] .
. Some basic equations follow.
The elements of M(m n ) may be deonoted by n-tuples (a 1 ; a 2 ; : : : ; a n ) of elements of m. Note that with this notation, in m n the element 1 is (1; 1; : : : ; 1; m) and 0 is (m; 1; 1; : : : ; 1). Further note that the algebra has an absorbing element (1; 1; : : : ; 1). Finally, :(a 1 ; a 2 ; : : : ; a n ) = (a n ; a n 1 ; : : : ; a 1 ).
The Main Results
Each of t and u, being idempotent, commutative and associative, gives rise to a partial order. These partial orders are de…ned by f t g if f t g = g and f u g if f u g = f . One main objective of this paper was to show that the automorphism group of the retract (m n ; t; u) of M(m n ) is trivial, that is, has only one element. To e¤ect this, the irreducible elements of (m n ; t; u) were determined.
Theorem 7 Let m; n 2. The irreducible elements of (m n ; t; u) are these.
1. The absorbing element (1; 1; : : : ; 1).
2. The n-tuple with m i in the i-th place and 1 elsewhere.
3. The element m 1 _ m n .
4. If n = 2, n-tuples that contain m, and the absorbing element.
Using the theorem above and long sequence of lemmas, we get the following.
Theorem 8
The automorphism group of (m n ; t; u) has only one element.
Comments
One principal result of this paper is that the partial order given by the operation t is a lattice, and analogously for u. For the operation t, the sup of two elements f and g is f t g, but the inf of the two elements is the sup of the set of all elements below both f and g. The elements f and g are n-tuples of elements of m, and the inf is given by some formula in the elements in these two n-tuples.
Problem 9
Find a formula for the inf of two elements in the lattice determined by t. And similarly, do the same for the lattice determined by u.
Problem 10
In the case of the algebra ([0; 1] [0;1] ; t), determine whether or not the partial order determined by t is a lattice.
In the case of 2 3 , the lattices determined by t and by u are both distributive, but this is not true for all m n .
Problem 11
For which m n are the lattices determined by t and u distributive? We conjecture none for m and n 3.
The proof that Aut(m n ; t; u) consists of only the identity automorphism was e¤ected by a long sequence of lemmas, etc. Hopefully, there is a much shorter and less computational proof.
Problem 12 Find a proof that Aut(m n ; t; u) is trivial that is more conceptual, less computational, and shorter.
In showing that the automorphism group of (m n ; t; u) consists of only the identity automorphism, we used in the proof that an automorphism preserved both t and u. But small examples show that the automorphism group of (m n ; t) is just the identity automorphism, and we suspect that this is true in general, but have no proof.
Problem 13
Find the automorphism group of (m n ; t). (Since (m n ; t) and (m n ; u) are isomorphic, their automorphism groups will be isomorphic.)
Finally, there are many ways to specialize and to generalize the truth-value algebra ([0; 1]
[0;1] ; t; u; :; 0; 1) of type-2 fuzzy sets. We have just taken a …nite chain for each interval [0; 1]. For example, one could take any two complete lattices instead, or substitute one …nite chain for one of the intervals [0; 1], and so on. Such investigations may be of interest.
